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Abstract: In this paper we will study ground states of the toy model of 2D closed 
string tachyon effective action. We will firstly construct the classical solutions of 
the tachyon effective action that do not induce backreaction on metric and dilaton. 
Then we will study the quantum mechanics of the zero mode of the tachyon field. 
We will find family of vacuum states that are labeled with single parameter. We will 
also perform the quantum mechanical analysis of the tachyon effective action when 
we take into account dynamics of nonzero modes. We will calculate the vacuum 
expectation values of components of the stress energy tensor and dilaton source and 
we will argue that there is not any backreaction on metric and dilaton. 
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1. Introduction 

To find off-shell description of closed string is very difficult task. The most interesting 
exception is noncritical string theory in two dimensions 1 . Here, there is a complete 
nonperturbative description in terms of the double scaling limit of matrix quantum 
mechanics. For matrix quantum mechanics the space of eigenvalues of the matrix 
provides the space dimensions on which free string moves. In this case, however, 
the string theory is rather trivial: for a bosonic string the only dynamical degree of 
freedom is a single massless scalar which is related to the collective field-the density 
of eigenvalues. The eigenvalues of this theory behave as fermions and the collective 
field may be regarded as a bosonisation of these fermions. In summary, the discovery 
of the double scaling limit of c < 1 matrix models provided beautiful and exact 
solution to the bosonic string theory to D < 2 spacetime dimensions. However one 
disappointing property of these models was the fact that bosonic string theory did 
not appear to be well defined non-perturbativelly. Recently this problem appears 
to have been removed by reinterpretation of these models as nonperturbatively well 
defined type strings 2 [§, [Kj . 

The two dimensional (2D) bosonic theory is defined in the linear dilaton back- 
ground (In units, where a' = 1) 3 

9nv = V»v ,$ = 2x 1 . (1.1) 



iFor reviews, see @, |, 1 1 1 1 g §. 

2 For extensive list of references, see excellent recent review 

3 For review, see Ol. 



It is well known that dilaton is generator of the string coupling in the sense g s ~ e* 
so that for the solution (|1.1|) there is a region where the coupling constant diverges 
and string perturbative theory fails. This means that such a background does not 
define satisfactory string theory. It turns out however that this can be cured by 
inclusion of the tachyon condensate in the form 

T = ^ , (1.2) 



where \x is "cosmological constant". The claim is that (|1 . 1| ) and fll.2| ) defines exact 
string theory background. Indeed, in this background the string sigma model takes 
the form 

S = — { d 2 aVh \h ab d a X^d b X. + 2KX 1 + fie 2Xl } . (1.3) 

It can be checked that this action represents exact conformal field theory and hence 
defines consistent string theory. 

It is certainly important to find an action that has background fields ( [L.l|) , (|1.2j) 
as its exact solution. This intuition is based on the fact that (|1.3|) defines exact CFT 
and hence f3 functions that we associate with each field in the worldsheet theory 
vanish. Then it is believed that these equations arise from variation of some spacetime 
effective action. However to find such effective actions from the first principles of 
string theory is very difficult task. Another possibility is to try to guess their form 
from the requirement that the background that defines exact conformal field theory 
is solution of the equation of motions that arises from it. Such approach was very 
useful for the searching of the tachyon effective actions in case of unstable D-branes in 



string theories [12[ |13, 14), [15 1 that has marginal tachyon profile as its exact solution 4 . 
One can then ask the question whether similar approach could be applied in the case 
of closed string tachyon effective action. In fact, preliminary steps in this direction 
were given recently in |Tj|. The basic property of the proposed closed string tachyon 
effective action given there is that it has the marginal tachyon profile T = [ier^ x in 
the linear dilaton background as its exact solution. We have also shown that at two 
dimensions the situation simplifies considerably and we were able to find field theory 
effective action for tachyon, dilaton and metric that has the linear dilaton background 
(|1.1D , (|1.2Q as its exact solution even if we take into account the backreaction of the 
tachyon on metric and dilaton. 

In this paper we will continue the study of this model of 2D tachyon effective 
action. Namely, we focus on the ground states of this action, either from classical 
or quantum point of view. As we will demonstrate in the next section the tachyon 
effective action has remarkable property that if we begin with the tachyon background 
with some cosmological constant fii in ( |1.2| ) then we can easily reach the other 

4 We must also stress that it is not currently clear how such tachyon effective actions are related 
to these that were calculated from the first principles of the string theory IT3] . For more detailed 
discussion of this issue, see Il7| . 



tachyon background ( |1.2| ) characterised with the second cosmological constant /i 2 . 
We hope that this is sign of the background independence of the tachyon effective 
action. At first sight it seems that this is rather trivial fact from the point of view 
of the tachyon effective field theory. On the other hand we mean that such a form 
of background independence is not directly visible in the fundamental formulation of 
two dimensional string theory, either in free fermion description or in the collective 
field theory description. For that reason we believe that the study of the background 
independence in the tachyon effective action can be useful for understanding of the 
fundamental properties of the microscopic formulation of 2D string theory. 

Since generally the free fermion formulation of the two dimensional string theory 
is quantum theory and the parameter \x appears in the definition of the Fermi sea it 
seems to be natural to study the ground states in the quantum mechanical formula- 
tion of the tachyon effective action. We will see that there exists family of vacuum 
states labelled by single parameter that is directly related to \i in (|1.2|). We will 
also calculate the expectation values of the stress energy tensor and dilaton source in 
these states and confirm that there is not any backreaction on metric and dilaton in 
agreement with classical analysis. We will also construct an operator that maps one 
vacuum state to another one. We think that the existence of this operator confirms 
the presumption that all ground states with different values of \x are equivalent. 

We must also stress one important limitation of our analysis. As is well known 
from the effective field theory description of the unstable D-branes the validity of 
the tachyon effective actions strongly depends on the region in the field theory space 
where they are defined. Then it is clear that the model of the tachyon effective 



action that was proposed in |n| cannot describe the full dynamics of the closed 
string tachyon. Rather we should restrict to the modes that propagate very close to 
the classical solution (|1.2j ). However we still believe that conclusions considering the 
ground states of the tachyon effective action are more general and could be helpful 
in the study of general properties of the tachyon dynamics. 

The structure of this paper is as follows. In the next section (0) we give the 
brief review of the tachyon effective action that was suggested in fl8fl . In section (|3|) 
we study the quantum mechanics of the zero mode of the tachyon field. In section 
(|]) we extend this analysis to the full quantum field theory of the tachyon effective 
action and we calculate the vacuum expectation values of the stress energy tensor 
and dilaton source. In conclusion ([5]) we outline our results and suggest further 
extension of this work. 



2. Toy model of 2D tachyon effective action 

In this section we review basic facts about the toy model of 2D closed string tachyon 



effective action suggested in |T8| . 



As it is well known spacetime fields of two dimensional bosonic string theory 
consist dilaton, graviton and tachyon. The dilaton and graviton are described with 
the action 5 

S g> * = - f d 2 x^e- 2 * (16 + R + 4g^d^d u <5>) . (2.1) 



In [jrjl we have proposed the tachyon effective action that has the marginal tachyon 
profile T = fie 2x in the linear dilaton background $ = 2a: 1 as its exact solution 
even if we take into account the backreaction of the tachyon on the dilaton and the 
graviton. This action has the following form 



S T = - d 2 x 



-g 



[1 + e- 2# T 2 (4 - g^dfldv®)) 



x 



X yl + e- 2 * (4T 2 + g^dpTdJT - 2Tg^d ll Td v <&) + 

1 



+ J d 2 Xv ^-^-l 



+ |T 2 e- 2 *(4- d^g^dvQ) ' 



(2.2) 



The variation of the action S = S g ^ + St with respect to g^ u gives the equation of 
motion for g^ 



e- 2 " (Gp, - 2^,V 2 $ + 2V M V,$ + 2 9fliy (V$) 2 - 8^) = T\ 
and the variation with respect to $ gives 



T 



-ge~ 2q> [32 + 2R- Sg^d^d^} + We'^d^ y/^gg^d^ 



J&. 



where 



T, 



i M/ 



2 5St t SSt 



y/=g 8g^ 5$ 

The explicit forms of the stress energy tensor and dilaton source are 

1 



[2.3) 

(2-4) 
[2.5) 



T, 



/(!/ 



■v 



~Q\w 



1 + e" 2 *T 2 (4 - dy&g^du®)) 
2e- 2 *T 2 d^d v <& 
+ (1 + e- 2 *T 2 (4 - d^g^dv®)) 2 
e- 2 *(d^Td u T - T (g^JUg + d^d u T)) 
(1 + e- 2 *T 2 (4 - dfig^dv®)) 



B + 



1 + \T 2 e-^(A - gWdfidvG) (1 + T 2 e" 2 *|(4 - g^d^d u §)) 2 ' 



(2.6) 



5 Our convention is as follows. We work with two dimensional metric with signature (—,+). The 
spatial coordinate is labelled with x l = <f> and time coordinate is a; = t. 



Jet) 



2^=ge- 2 *T 2 (4 - d^g^d^^B 



+d u 



1 + e- 2 *T 2 (4 - d^g^d v <$>)) 2 

_9dmO 



2^/^e- 2 ^T 2 g^d^VB 



1 + e- 2 *T 2 (4 - d^g^d,,®))' 



+ 



^e~ 2 *(4T 2 + g^dpTdyT - 2Tg^d^Td v <$>) 
(1 + e- 2 *T 2 (4 - d^g^dv®)) 



-9„ 



-ge 
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2 *Tg» u d u T 



+< 



[1 + e- 2 *T 2 (4 - a M $^^$))VB 

e-^jA-d^g^d^) 

J ~ 9 (l + \T\A- d^g^d v <S>)) 2 
^f^T 2 e- 2 ^g^d v ^ 
{l + \T 2 (A-d^g^d v $>)) 2 



+ 



-d u 



(2.7) 



As we have shown in [I8[ the equations of motions ( |2.3| ) and (2^3) have following 
exact solution corresponding to the linear dilaton background 



$ = V lX l , V t = 2 
together with the nonzero tachyon profile 



iiv 



[IV 



T = ne 



2.T 1 



:2.8i 



[2.9) 



that is also solution of the equation of motion that arises from the action ( |2.2| ) if we 
take into account the ansatz ( |2.8| ) [19]. According to the standard dictionary we can 
interpret (|2.9j) as the vacuum expectation value of the tachyon field T 



(T(x 1 ,t))=^ 1 



(2.10) 



At this place we must stress one important point considering the vacuum expectation 
value of the tachyon field T \ 



As was argued for example in [19 



( the correct 
vacuum expectation value of T, rather than given in (|2.10|) , should be equal to 6 



T(x r ) =Ag- 1 (2x 1 + c)e 



2.) 1 



l+r^+in^,^- 1 



l/'l 



<2k 



(2.11) 



where g s is string coupling constant and \i is level of Fermi sea. From the point of 
view of the tachyon effective action (|2.2|) one can understand the discrepancy between 

6 Very nice arguments based on the analysis of minisuperspace wave functions in the c = 1 
models that support the claim that the vacuum expectation value of the tachyon is equal T ~ (j>e 2 ^ 
for d> - 



-oo were given in |21 



23 



On the other hand it was also mentioned in J23| that 
the minisuperspace wave functions satisfy the Wheeler-de-Witt equation with the tachyon vacuum 
value < T >= [le 2 ^ rather then with (T) = ^.(pe 2 ^. It is not clear how this is consistent with the 
fact that the cosmological constant operator in c = 1 model should be cf>e 2 ^. 



( |2.10| ) and ( |2.11|) as follows. The calculations given in |19|, ^(J were performed in the 
semi classical limit g> s <C 1. Looking at ( [2.11|) we get that u^> I and consequently 
the coefficient in front of the linear term in (|2.11|) is very large. To compare this result 
with the effective field theory analysis we must mention that the tachyon profile T = 
(a + b(f))e 2 ^ is also solution of the equation of motion of the tachyon effective action 
2f) when the background dilaton and metric are given in (|2.8|). However we have 



shown in [|]J| that such a tachyon profile induces large backreaction on metric and 
dilaton and thus cannot be considered as an exact solution of the action S = S 9 ^+St- 
This fact has simple explanation. The proposal for the tachyon effective action (|2.2| ) 
was based on previous works considering tachyon effective actions on unstable D- 
branes [12, |H| 3.4|. It was argued in [12, 13| that tachyon effective actions that 



have the tachyon marginal profile as their exact solution correctly capture tachyon 



dynamics very close to the marginal tachyon solution in the form T 
2D bosonic string theory, /3\ = 2 and for the tachyon solution T = 



~ e 
(a + 



13 ^ . In 



:,2</» 



the condition that this profile is close to T 



: ,20 



implies that &< 1. Comparing 



with the (|2.11| ) we see that this corresponds to g s ^> 1 which is certainly out of 
region of validity of the classical analysis. This result also implies that the tachyon 
effective action ( |2.2|) cannot be derived from the collective field theory that arises in 
the classical description of the matrix model p5L J26|. We must stress that remarks 



given above do not solve the problems how to relate (|2.10| ) and (|2.11| ). In order to 
do that we should find how the tachyon effective action ( |2.2j ) can be derived (We 
hope that this could be done.) from the microscopic formulation of 2D string theory. 
However in spite of these puzzling facts we still believe that the action ( |2.2| ) could 
capture some problems in 2D string theory that cannot be analysed in semi classical 
approximation. 

To support this claim we begin to study the action ( p.2|) in more details. Let us 
introduce the scalar field S(x) through 



T(<M) = e 2 ^S(<M) 



(2.12) 



In terms of this field the tachyon effective action ( |2.2|) in the linear dilaton background 
1|) takes simple form 



s = - J dtd(j> L/i - {d t sy + (d^sy - 1 

Now the equation of motion that arises from ( p.l3j ) is 



(2.13) 



'l + rj^d^SdvS 
The natural solution of this equation of motion is 

S c = jjl = const. . 



. 



(2.14) 



(2.15) 



Moreover, in terms of the field S the stress energy tensor and dilaton source have 
the form 



T^ = {-g» v + 2S%V V + d^Sd u S - S 2 K^) VB + 9llu - S 2 V^V v 



(2.16) 



and 



Jcf> — 2(7,, 



S^VvVBl + g^dpSdvS 



-d„ 



tr(V u S+d v S) 



d„ 



S z g^V„ 



(2.17) 



where B = 1 + r)^ u d^Sd u S. It is easy to see that components of the stress energy 
tensor Q2.16| ) and the dilaton source ( |2.17| ) are equal to zero for S c = \i. 

It is interesting to study the action for fluctuation modes around the classical 
solution S c . If we write the general field S as 



S(d>,t) = S c + s(d>,t) 



(2.181 



and insert it to the action ( p. 13 ) we obtain the action for s((f>,t) that is exactly the 
same as the original one. This can be regarded as a consequence of the fact that all 
values of parameter /j, are equivalent. 

In the end of this section we will briefly analyse another solution of the equation 
of motion ( |2.14| ) that has the form 



S = ad> + b 



(2.19) 



However for such a tachyon profile the components of the stress energy tensor are 
equal to 



T u = , Tu = , 



T u = \- Vl + a 2 + 4(a(j) + b) 2 (Vl + a 2 - 1) 



(2.20) 



We see that T^ does not vanish. Then one can expect strong backreaction on the 
metric and hence the equation of motion of two dimensional gravity is not satisfied 
for g^ v = rj^. One can perform the same analysis for the dilaton source with the 



same conclusion. For that reason we will not consider the solution Q2.19 ) further in 
this paper since its meaning in the context of the proposed model of 2D string theory 
is questionable. 

In the next section we begin the analysis of the quantum properties of the action 



( p,13|) . We start with the simple example of the quantum mechanics of the zero 
mode. 



3. Quantum mechanics of zero mode 



We start the analysis of the quantum properties of the action ( [2.131 ) with the study of 



the dynamics of the zero mode So- In this approximation we neglect the dependence 
of the field S on the spatial coordinate (p. This approach resembles minisuperspace 
analysis well known from the study of two dimensional string theory |21) and which 
was recently used for analysis of the particle production on S-branes [^8, 29 1. 



To begin with let us consider the Lagrangian for the zero mode So in the form 



L = -Vl-S 2 + 1. (3.1) 

Then the Hamiltonian is equal to 

H = PS -L = Vl + P 2 - 1 , (3.2) 

where we have used the fact that the conjugate momentum P is 

P=-h=. (3.3) 

'l-Sn 



The quantisation of the system given above is straightforward. The basic commuta- 
tion relation is 

[S ,P] = i (3.4) 

which implies that in the coordinate representation P has the standard form P = 
— Zg|- when acts on the wave function ^(S ) = (So|\I/), where |S ) is eigenvector of 
the operator Sq: 

So \Sq) = Sq | So) , (So | So) = 3{So — So) ■ (3-5) 

From the analysis of the classical equation of motion we know that the tachyon 
configuration that does not induce any backreaction on the metric and dilaton cor- 
responds to the Hamiltonian that is equal to zero. Then it is natural to define the 
vacuum state as an eigenstate of the Hamiltonian 

H^(Sq) = E^(So) (3.6) 

that has zero energy. Now (|3.2| ) implies 



P 2 |*o) = 0^-^§^ = (3.7) 

d 2 S 

that has general solution 

^o(S ) = ^(aS + b), (3.8) 



where a , 6 are some constants and where iV is normalisation factor. To clarify its 
meaning note that the coordinate So takes values in the interval (—00, 00). Then the 
normalisation condition implies 

1= /'^o|^o| 2 ^iV 2 = ^L 3 + 26 2 L, (3.9) 

where we have introduced the IR cut-off L. We see that the wave function ^ (Sq) is 
not normalisable in the limit L — > 00. On the other hand the expectation value of 
the operator S in the state |^ ) is finite and it is equal to 



^o|So|^o) = J dS V (S°)SoM& 



AabL 3 
26 26 



«(1 + J^) 



— = [x , for L — > 00 



a 



(3.10) 



We must say few words to the fact that \E r o( , S'o) is n °t normalisable. Usually such 
functions are discarded from the Hilbert space of given theory. On the other hand 
we know from the analysis of two dimensional string theory that non normalisable 
states are important for description of given theory. More precisely, it was argued in 



21], [23] that since these wave functions do not fluctuate they parametrise different 
backgrounds of given theory. As we will see more clearly in the next section the same 
conclusion can be said about the vacuum states given above. 
Let us now consider following operator 

6 e = e^ p , (3.11) 

where e is real parameter. Now we are going to argue that this operator has similar 
properties as the spectral flow operator that was discussed in the context of two di- 
mensional string theory in ||24| . First of all, it is easy to prove following commutation 
relation 

[S ,6 £ ] = e6 e . (3.12) 

Then we can consider the state 

\%) = O e \V ) . (3.13) 



Using ( |3.12|) it is easy to calculate the expectation value of the operator S in|\l/') 

(%\S \%) = iM + e. 

(3.14) 

Using also the fact that O t commutes with H it easy to see that |\I/') is eigenstate 
of the Hamiltonian with zero energy and consequently it can be regarded as the new 



vacuum state characterised by the expectation value ( 3.14J) . In other words, if we 



choose one particular vacuum state |\l/o) with the expectation value (So) = fi one can 
construct family of all vacuum states through the action of the operator O e on \^q). 
We see that all these states are equivalent and differ in the expectation value of S 
and consequently can be considered as quantum analogues of the classical solutions 

(in- 



For consistency of the zero mode quantum mechanics we should show that the 
vacuum states do not induce any backreaction on metric and dilaton. In order to see 
this we must calculate the vacuum expectation value of the zero mode truncation 
of the stress energy tensor and the dilaton source. As follows from ( [2.16| ) the zero 
mode truncation of the stress energy tensor is equal to 



T^ = (-9^ + 2S 2 ^K - SoKVy VI + Pi + 9»u - S 2 V,V U . (3.15) 

For the spatial linear dilaton V^ = 2 we get 



r tt = yi + p 2 - 1 , 

f M = (-1 + 4S n 2 )\/l + P 2 + 1 - 4S 1 , 2 



o 



Tt<p 



(3.16) 



Since T tt is the same as the Hamiltonian ( |3.2| ) we immediately obtain that its vacuum 
expectation value is equal to zero. For T^ the action of the square root on ^ is 
equal to ^/ an d hence the vacuum expectation value of T^ is equal to zero as well. 
This result implies that there is not any backreaction of the vacuum states on the 
metric even at the quantum mechanical level. 

Now we are going to calculate the vacuum expectation value of the zero mode 



truncation of the dilaton source (|2.17|) that is equal to 

P 



P 2 d 

J$ = + -r 

(1 _|_ p2)3/2 dt 



Sq- 



P 2 



(3.17) 



We immediately see that the action of the first term on \l/o is equal to zero. Slightly 
more complicated is the calculation of the expectation value of the second term in 
( |3.17|) . It is clear that passing from classical to quantum expression there is potential 
ambiguity in ordering of S and P. We will adopt the ordering that the operator P 
is always in the right to the operator So- In any case since the expectation value of 
the time derivative of any operator A is equal to 

HA /f)A \ 

(*l^l*> = <*l(^+i[#,4jl*> (3-18) 



10 



we see that the vacuum expectation value of the second term in ( |3.17| ) vanish as 



well due to the fact that H \^ ) = and the fact that the operator So p 2 does not 
depend on time. 

In order to obtain more precise picture of the vacuum states of ( [2.13|) we should 



take into account the dynamics of the nonzero modes as well. This will be done in 
the next section. 



4. Quantum mechanics of the tachyon effective action 

We begin this section with the construction of the Hamiltonian from Lagrangian 
given in ( |2.13| ) 



H = J dcf) [Tld t S - L] 

|#Ui + (W)(n-ff)-i 



(4.1) 

where 11(0, t) = gd 6 Jr, t) is momentum conjugate to S((j),t). It turns out that it is 
convenient to split the fields S, IT into their zero mode parts and the fluctuation parts 



as 



S(0, t) = S (t) + V>(0, t) , S (t) = y / d<W, t) , / #V(0, *) = 
n(0,t) = ^p + 7T(0,t),P= j doW(n.t) „ J <l<>K(n.t) = Q 



(4.2) 



where V<j> is regularized volume of spatial section. In quantum theory we regard 
the fields S, II as quantum operators S(<p, t) , 11(0, t) with the standard equal time 
commutation relations 

[S(</>,t),S(<j>',t)] = [%,£),%/,£)] =0 ,[£(0, £),%/,£)] = i5((/> -(/>') . (4.3) 

Then we immediately get 

[s ,P] = ±r /d0#'[5(0),n(0')] = ^- /#rf0'5(0-0O = i (4.4) 

and also 

^(0),P] = [£o,7r(0)] = O. (4.5) 

As we have argued in previous sections it is believed that the tachyon effective action 
(|2.2|) is valid for description of almost homogeneous field S. Then it is natural to 



11 



restrict ourselves in the Hamiltonian (|4.1| ) to the leading order terms in d^ip, tt . With 
this approximation the quantum Hamiltonian operator has the form 



H = V„ 



. 



P 2 

1 + vJ 



( 



TT 2 + {3^f 



1 + 



1> 2 



+ 



(d^fP 2 



V2J1 + 



p2 



(4.6) 



Note that thanks to the commutation relations (|4.5| ) and the fact that the Hamilto- 
nian does not contain zero mode operator So there are not any problems with the 



ordering of various operators in ( |4.6|) . 



In order to find ground states of the Hamiltonian ( |4.6|) we will work in the 
Schrodinger representation of the quantum field theory. In this description the ex- 
plicit time dependence of the system is expressed through the time-dependent wave 
functionals \I/ (</>,£). More precisely, the time dependence of the wave functional is 
determined by Schrodinger equation 



' dt 






(4.7) 



where H is given in ( |4.6|) . Let us now presume that the vacuum wave functional has 
the form 

^(S'o,V0 = *o(S , oW) > ( 48 ) 

where the zero mode part \I/o(So) obeys 



\ 



1 



P 2 

V 2 



^o(So) = *o(S 



(4.9) 



From ( |4.9|) we see that the vacuum state ^o(So) is solution of the differential equation 

d 2 ^o(So) 



p*MSq 



OS 2 







(4.10) 



that is the same as the equation disused in the context of the quantum mechanics 
of the zero mode in the previous section. Consequently the vacuum wave functional 
ty(So,i/)) is labelled with the parameter \x that is vacuum expectation value of the 
zero mode operator Sq. It is also clear that we can define the operator O e = e~ leP 



that maps the vacuum state with (Sq) — fJ, to the state \&(0, t)' = O e ^o(So)^((j), t). 
Since P commutes with ip ,tt, O e acts on the zero mode part of the vacuum wave 
functional only we immediately see that O e is the same as the operator (|3.11| ). 

In order to determine the vacuum wave functional for nonzero modes we use the 
Schrodinger equation ( [4.7|) that for fl4.8|) is equal to 



y (S )i 



.d${il>) 



dt 



*o(S )± 



r + {d^y )®w. 



(4.11) 
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In the previous equation we have used the fact that 



#*($,,</>) 



1 



7T 2 + {d^f , {d^fP 2 ^ 



V 



1 



[,2 



+ 



vlji + p2 



*o(So)®W 



n) 



V (S )l [ dcf> (ir 2 + (d^) 2 ) $(4>) 



(4.12) 



which is a consequence of ( |4.9| ). Hence $>(ijj) obeys the equation 



M{il),t) 



Ot 



.d<$>{ip) 1 [dk 



at 



i 

" 2 
S 2 



(<V/0 2 $w 



27T V 5a(A;)5a;(— k) 



\ 8 2 4> 

+ k 2 a(k)a(-k)\ $(a(fc)) 



(4.13) 



where the second line in ( [4.13|) is transformation of the first line to the momentum 
representation. The solution of (|4.13|) that corresponds to the ground state is well 
known [^, [HJ. It can be shown that the vacuum wave functional is equal to 



$(ip) = N(t) exp 



dk 
W) 



a{k)A{k)a{-k) = N(t)E(a{k)) 



(4.14) 



where 



N(t) =Cexp 



dk 

W) 



A(k) 



A(k) = \k\ 



(4.15) 



In other words the vacuum state for fluctuation is ordinary vacuum wave functional 
for free, massless particles in two dimensions. The time-dependent factor N(t) can be 
written as N(t) = e~ tEot where the vacuum energy of oscillators is E — | J dk\k\ = 
^-. The vacuum energy depends on the the cut-off A that expresses the fact that 
the tachyon effective action ( [2.13] ) is valid for tachyon fields close to the marginal 
tachyon profile e 2 ^. For fluctuation modes this condition implies that A<1. 

Let us review results obtained in this section. We have got the family of vacuum 
states of the tachyon effective action that are labelled with the continuous parameter 
fx. We have argued that [i corresponds to the vacuum expectation value of the zero 
mode operator So. We were also able to find operator O e that maps any vacuum state 
labelled with (j, to another vacuum state labelled with the parameter \x + e. We mean 
that existence of this operators shows that all vacuum states with different (So) are 
equivalent. We can also alternatively interpret this result as the fact that vacuum 
states with different /it's parametrise superlescion sectors of given theory. We have 
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also seen that the vacuum state for fluctuations is ordinary vacuum wave functional 
for massless scalar field in Minkowski spacetime with the exception that there is 
a natural cut-off A that arises from the limited region of validity of the tachyon 
effective action ( |2.13| ). Note that the vacuum wave functional for fluctuations does 
not depend on \i. 

4.1 Calculation of the expectation values 

In the previous section we have found family of vacuum states of the tachyon effective 
action in the linear dilaton background. However as in section (§) we must show that 
these states do not induce backreaction on metric and dilaton. For that reason we 
will now calculate the expectation values of the dilaton source and stress energy 
tensor in the state (f4.8|). 

To begin with we split the field S into its zero mode and nonzero mode parts 
and insert them into ( |2.16| ) so that for V^ = 2 we get classical components of the 
stress energy tensor 

T a (<p, t) = (1 + S 2 + 2(d t i/j)S + (d^f)VB - 1 , 
T^(0, t) = (-1 + ASl + 85^ + 4^ 2 - d^d^)VB+ 1 - AS 2 - 8S ^ - Ai/j 2 ) , 

T t0 (<M) = 7V(<M) = d^idtSo + d t i(j)VB . 

(4.16) 

As in previous section we will presume that d^i/j , n are small so that B is equal to 



B 



1 + 



P i 



1 + 



(fyVO 5 



71 



1 + 



pi 



(4.17) 



Then the quantum stress energy tensor can be written as 

/ 



T tt = (1 + (d t S ) 2 + 2d t i/>d t S + (d t iP)'' 



1 



P i 



1 



1 



V 



(d^f 



-R- 



1 + 



/ 



z h 



(-1 + ASl + 8£oV> + 4^ 2 - {d^f) 



1 + 



P i 

v? 



1 
1 + 2 



(fy# 



p 2 

W 



n 



P i 



1 , 



+ 



+ l-4S 2 -8S ^-4^ 2 , 



T t4> = T# = d^{dtS Q + dti>) 



1 + 



P i 

v? 



^ 



(d^f 



TV 



P 2 

w 



(4.18) 



We would like to stress that for zero mode operators we adopt the same ordering of 
various operators as was defined in section ([3]) that means that P is always on the 



14 



right with respect to Sq. On the other hand we will argue that for nonzero modes the 
more natural is to define the stress energy tensor and the dilaton source as normal 
ordered quantities. 

Now we can proceed to the calculation of the expectation value of the components 



of the stress energy tensor (|4.18 ) in the vacuum state Q4.8| ). As the first step we 
calculate the expectation value with respect to the zero mode part ^o(So)- Since 
P 2 ^ (Sq) = we easily obtain 



BV(So,il>)=MSo) 



:((d^) 2 -n 2 



$(V>). 



Now let us consider the time derivative of So that is equal to 



dSo 
dt 



i[H,S ] 



(4.19) 



(4.20) 



The vacuum expectation value of this expression is zero since the vacuum state \l/o 
is eigenstate of the Hamiltonian. On the other hand we can calculate the right 
hand side of the equation ( |4.20| ) directly and we obtain that the commutator given 
there is proportional to P. This result implies that (dtSo) 2 ~ P 2 and consequently 
its vacuum expectation value is equal to zero as well. Then the calculation of the 
vacuum expectation value of the zero mode operator is straightforward. When we 
also restrict ourselves to the terms of quadratic order in ip , n we obtain that the 
vacuum expectation value of the stress energy tensor equal to 



(T tt{M ) = -(e + (d^?) fluct 



(T U (M) 



1 



-l + 4/i 2 )-((<V/0 2 



;-2\ 



n j 



fluct 



(**V. 



TftiM = (dtfa) 



I fluct 



(4.21) 



where {■ ■ ■) *i uct means the vacuum expectation value with respect to the vacuum 
state of the fluctuation modes. In the previous expressions we have also used the 
fact that 

d,$ = i[H,$[ = -=L= (4.22) 

and consequently 

(M) = <*> fluct ■ ( 4 - 23 ) 

Following [3C] it is now easy to calculate the vacuum expectation value in ( |4.21|) and 
we get 



5a(k)a(k') 



fluct 
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{?*>&)) 



fluct 



I 4/x 2 ) / * * e ^(M-fc')l l-kk'a{k)a{k') + - „f - , 
' ; 27r27r 2 \ v ; v ; <fa(fc)a(;fe') 



fluct 



<Wdk e^ k 'Hkk'a(k)a(k')) fluct 



(TM) 



fluct 



2ir2n 
dk dk! 

27Y^7t' 



i<t>(k+k') 



ika(k) 



S 



Sa(k') 



fluct 

(4.24) 



Using again the results given in |30[ 

5{k + k') I 5 2 



luct 



(a(k)a(k')) fl 
we finally obtain 



2n- 



2\k\ '■ '\Sa(k)a(k') 



fluct 



2\k 



■2nS{k + k') (4.25) 



A 2 



uct 



(t^M) 



fluct 



-A 2 , (TM) 



fluct 



(4.26) 



We see that the stress energy tensor is diagonal and its components scale with the 
cut-off A. This is the same result as in standard quantum field theory calculation 
however the interpretation is different. In ordinary QFT there is not restriction 
on A so that when we remove the cut-off by taking A — > oo we obtain divergent 
contributions. One possibility how to avoid such a behaviour is to define field theory 
operators as normal ordered with respect to the vacuum state which means that their 
vacuum expectation value is zero. Even if the cut-off A in (|4.26|) has clear meaning 
since it express the finite region of validity of the tachyon effective action ( |2.2|) it 
is natural to consider stress energy tensor as normal ordered. Then the vacuum 
expectation value of the normal ordered stress energy tensor is equal to zero. In 
context of 2D effective field theory this result implies that the vacuum states do not 
induce any backreaction on metric. 

As a next step we will calculate the vacuum expectation value of the dilaton 
source 

1 



M<P) 



4fy [(So 


+ ^) 2 Vb 


(d^) 2 ^ - d, 


(' 


+d t 


dt(S + tfj) 



ms )+dtii>y 



(2(S + ij)+d^) 



1 



2d, 



B 

(So + ^) 2 



(4.27) 



We can proceed in the same way as in the calculation of the expectation value of the 
stress energy tensor. More precisely, we begin with the calculation of the expectation 
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value of the zero mode wave function *$? (So). If we again restrict to the terms in the 
leading order in dip , n we obtain 

W = 8<W> fl- -((^)'> fl- 

+\ ((d t i) 2 + * 2 > ,,„„ " ( W/< + i) + 9**]) 



2 \ ' I fluct \ Vl u r ' VT 'I fluct 

+ (^') fcl - 2 ( a *(' J+ *), 



fluct \ / fluct 



(4.28) 



This expression can be calculated in the same way as in case of the evaluation of the 
vacuum expectation values of the stress energy tensor. It is then easy to show that 
the vacuum expectation value of J is equal to zero. 

Let us outline results obtained in this section. By explicit calculations of the 
vacuum expectation values of the normal ordered components of the stress energy 
tensor we have shown that they are equal to zero and consequently these vacuum 
states do not induce any backreaction on metric. The same conclusion holds in case 
of dilaton source as well. We mean that these results provide further support for the 
consistency of vacuum states of the tachyon effective action ( |2.2|) . 

5. Conclusion 

In this article we have studied the vacuum states of the model of two dimensional 
tachyon effective field theory that was proposed in [Tj|. The main goal was to find 
whether there exists the similarity between the ground states in the tachyon effective 
action and the vacuum states in the microscopic formulation of 2D theory in terms 
of free fermions. We mean that looking for this relation could be useful for the study 
of the non perturbative aspects of the 2D string theory. In fact, we have proposed 
the model of the tachyon effective action that has family of ground states that do 
not induce any backreaction on metric and dilaton. We have also found that there 
exists operator O e that maps one ground state with parameter pt to another one 
with parameter \i + e. In other words all ground states with different values of \i are 
equivalent. 

We mean that it would be very interesting to find similar structure in the micro- 
scopic formulation of 2D theory since we know that the tachyon field arises from the 
bosonisation in the dual matrix model. In particular, it would be nice to find oper- 
ators in the quantum field theory of free fermions that are related to the operators 
So , O e in the effective field theory description. We hope to return to this problem 
in the near future. 

There are many problems and open questions that deserve to be studied further. 
One of the most serious one is to find how the effective field theory emerge from the 
matrix model without restriction to the semi classical approximation. We believe 
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that the approach developed in p2l B3, [31, |35], R6L E% could be helpful in solving 



of this problem. Another open problem is to find effective field theory models of 
two dimensional OA and OB theories. We expect that construction of these models 
could be straightforward extension of the model given in this paper when we include 
terms containing the Ramond-Ramond field C into the effective action. It would be 
certainly very interesting to see whether one can find such effective actions that have 



backgrounds given in |38|, |39|, |4(| [41], [42 as their exact solutions. 
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